Human dynamics and sociophysics suggest statistical models that may explain and provide us with a better understanding of social phenomena. Here we propose a generative multiplicative decrease model that gives rise to a rank-order distribution and allows us to analyse the results of the last three UK parliamentary elections. We provide empirical evidence that the additive Weibull distribution, which can be generated from our model, is a close fit to the electoral data, offering a novel interpretation of the recent election results.
Introduction
Recent interest in complex systems, such as social networks, the world-wide-web, email networks and mobile phone networks [Bar07] , has led researchers to investigate the processes that could explain the dynamics of human behaviour within these networks. Human dynamics is not limited to the study of behaviour in communication networks, and has a broader remit similar to the aims of sociophysics [Gal08, SC14, Sta14] , which uses concepts and methods from statistical physics to investigate social phenomena and political behaviour. In sociophysics, critical phenomena are important in demonstrating how the transition to global behaviour can emerge from the interactions of many individuals, for example, as described in [PS10] , where the popularity of movies emerges as collective choice behaviour. The employed methodology often involves the empirical investigation of collective choice dynamics, resulting in the postulation of statistical laws governing, for example, the universal properties of election results [CMF13] . A fundamental issue in the process of statistical model building is that the model must be tested against experimental data, and superseded by a newer model that better explains the data when such a model is found [Gal08] .
In the context of human dynamics, we have been particularly interested in formulating generative models in the form of stochastic processes by which complex systems evolve and give rise to power laws or other distributions [FLL07, FLL12, FLL15] . This type of research builds on the early work of Simon [Sim55] , and the more recent work of Barabási's group [AB02] and other researchers [BSV07] . In the bigger picture, one can view the goal of such research as being similar to that of social mechanisms [HS98] , which looks into the processes, or mechanisms, that can explain observed social phenomena. Using an example given in [Sch98] , the growth in the sales of a book can be explained by the well-known logistic growth model [TW02] , and more recently we have shown that the process of conference registration with an early bird deadline can be modelled by bi-logistic growth [FLL13] .
In this paper we employ a multiplicative process [Red90, Mit04, Zan08] that turns out to be described by the same underlying equations as the generative model proposed in [FLL15] ; the latter captures the essential dynamics of survival analysis applications. Survival analysis [Law03, KK12] provides statistical methods to estimate the time until an event occurs, known as the survival or failure time. Typically, an event in a survival model is referred to as a failure, since it often has negative connotations, such as mortality or the contraction of a disease, although it could be positive, such as the time to return to work or to recover from a disease.
Here we introduce rank-ordering into the model as a natural mechanism in situations where there is no intrinsic ordering of the data, such as constituency-based election results. Rank-ordering statistics [SKKV96] is a technique in which we rank the data objects according to size, then plot size against rank, and finally analyse the resulting distribution. Examples of rank-order distributions are: the distribution of large earthquakes [SKKV96] , the distribution of oil reserve sizes [LS98] , Zipf's rank-frequency distribution [MH99, Section 1.4.3], the size distribution of cities [BGVV99] , and the distribution of historical extreme events [CTT + 12] .
Curtice and Firth [CF08] and Curtice et al. [CFK11] proposed a pragmatic transformation of the election data to estimate the probability of winning a parliamentary seat in the UK elections. However, they clearly stated in [CFK11] that "It is not derived from any specific probability distribution for the residuals, but is a purely pragmatic formula which turns estimated shares into numbers between 0 and 1 as required". This statement motivated us to investigate the Weibull distribution [Rin09] , also known as the stretched exponential distribution [LS98] , as a possible fit to the UK elections data set. As a precedent, it is worth noting that Da Paz et al. [DEB15] proposed a Weibull mixture model to describe the votes obtained by a political party in Brazilian presidential elections.
Although the Weibull distribution does not provide such a good fit for the UK election data of the two main political parties, we found that a variant of the Weibull distribution, known as the additive Weibull distribution [XL95, LCO14, Lai14] , is a suitable model for this purpose. In particular, the additive Weibull is capable of handling bathtub-shaped "failure rate functions" [XL95, Nad09] , which turn out to be useful for the application to election results. Thus the main contribution of this paper is to propose the additive Weibull as a distribution for modelling the UK election results within a generative multiplicative model. This proposal is backed up by a thorough analysis of empirical data from the results of the last three UK parliamentary elections.
The rest of the paper is organised as follows. In Section 2 we present a multiplicative process that provides us with a mechanism to model the essential dynamics of ranked-ordered models, and derive a well-known differential equation to describe the process. In Section 3 we show how the "first-past-the-post" voting system can be modelled using the multiplicative process presented in Section 2, via the rank-ordering method. In Section 4 we introduce the additive Weibull distribution, which is then used in Section 5 to model the electoral results of the main parties in the UK over the last three general elections. Finally, in Section 6 we give our concluding remarks.
A multiplicative process for generating a rank-order distribution
We next present a generative model in the form of a multiplicative process [Red90, Mit04, Zan08] that can also be viewed as a survival model similar to the one introduced in [FLL15], in the context of human dynamics. In its simplest form, a multiplicative process generates a log-normal distribution [JKB94, Chapter 14] [LSA01] , and has applications in many fields, such as economics, biology and ecology [Mit04] . The solution to the multiplicative process we propose will be utilised in Section 3, in the context of a rank-ordered statistical model of the proportion of votes attained within parliamentary constituencies for a given party in a general election.
We assume a countable number of indices where, for a given party, the ith index represents the ith constituency ranked in descending order of the number of votes. For any stage t, t ≥ 0, we let µ(i, t), 0 ≤ µ(i, t) ≤ 1, be the probability that a potential vote is lost in the ith constituency at that stage; µ(i, t) is known as the mortality rate function (or simply the mortality function). We always require that µ(0, t) = 0 for all t.
We now let F (i, t), 0 ≤ F (i, t) ≤ 1, be a discrete function representing, for a given party, the expected proportion of the popular vote potentially attainable by the party in constituency i at stage t. Initially, we set F (0, 0) = 1 for a dummy 0th constituency, and F (i, 0) = 0 for all i > 0.
The dynamics of the multiplicative process can be captured by the following two equations:
and
Equations (1) and (2) define the expected behaviour of a stochastic process [Ros96] describing how, as i increases, the vote decreases in constituencies where the given party is less popular. For any particular vote, the mortality function is the probabilistic mechanism that decides whether the vote will be lost or not. The process obeys Gibrat's law [Eec04] , which in its original form states that the proportional rate of growth of a firm is independent of its absolute size. In our context, Gibrat's law states that the proportional rate of decrease in the popular vote is independent of the actual number of votes in the constituency.
As in [FLL15] , we approximate the discrete function F (i, t) by a continuous function f (i, t), and µ(i, t) now also a continuous function; f (i, t) is known as the survival function.
Initially, we have f (0, t) = 1 for all t, and f (i, 0) = 0 for all i > 0.
The dynamics of the model is now captured by the first-order hyperbolic partial differential equation [Lax06] ,
which is the same as that used in age-structured models of population dynamics [Cha94] .
Equation (3) is the well-known transport equation in fluid dynamics [Lax06] , and the renewal equation in population dynamics [PR91, Cha94, LB08]. Following Equation 1.22 in [Cha94] , the solution of (3), when i ≤ t, is given by
(4)
3 Application of the model to first-past-the-post voting systems
We consider a "first-past-the-post" voting system [Hor03] , such as in the UK, where the candidate who receives the most votes in a constituency is elected as the member of parliament for that constituency (or seat). In particular, we will concentrate on the last three UK general elections, which took place in 2005, 2010 and 2015, and the three main parties in the UK at the time, Conservative, Labour and Liberal Democrat. For each party and parliamentary seat, out of a total of 650 seats, we consider the proportion of the popular vote the party attained for that seat. We make use of the rank-ordering technique [SKKV96] in the context of a voter model as follows. After fixing the party, we model the proportion of votes attained in seat i by V i , where i represents the rank of the seat and 0 ≤ V i ≤ 1. Thus, ordering the seats in descending order of votes, we obtain the votes vector (V 0 , V 1 , · · ·) where:
(5)
Seat 0 is a "dummy" seat with V 0 = 1. In the unlikely event that two seats have the same proportion of votes, their order is chosen randomly.
The votes vector is analogous to the empirical survival functionŜ(θ) [KK12] , where V i , which corresponds toŜ(i), can be viewed as an estimate of the expected proportion of the popular vote for seat i, given that V i−1 was the proportion for seat i − 1; cf. the Kaplan-Meier estimator [KM58, KK12] in the context of survival models. In the context of the voter model, we see thatŜ(i) ≈ f (i, t).
The rank-ordering of the seats as in (5) can be simulated by the multiplicative process described in Section 2, where i corresponds to the ith highest ranked seat. An appropriate mortality function µ(i, t) is used, which is often decreasing in i. In particular, as we will see in Section 4, we are generally interested in mortality functions µ(i, t) = µ(i) that are independent of t. In terms of the voter model, as we consider less popular seats for the given party, i.e. those of lower "rank" (remembering that a lower rank is represented by a higher seat number), more votes are lost.
Thus, given a suitable mortality function, as presented in the next section, we can generate the distribution of the votes vector with the stochastic model of Section 2; see [FLL15] . In the next section, we propose the additive Weibull as a possible distribution of the votes vector, and in Section 5 we demonstrate its suitability for modelling the UK parliamentary electoral data over the last three general elections.
The additive Weibull distribution
The Weibull distribution [Rin09] , also known as the stretched exponential distribution [LS98] , is widely used in survival models [KK12] and reliability engineering [OK12] , and it is therefore important to be able to model it. The mortality rate function (also known as the failure rate function) of the Weibull distribution follows a power law, which is a monotonic function, and it thus cannot model non-monotonic mortality functions such as the well-known bathtub-shaped functions [Nad09] .
One solution to the above limitation of the Weibull distribution is to allow its mortality function to be a mixture of two power laws, giving rise to the additive Weibull distribution [XL95, LCO14, Lai14] . Although it is not the only generalisation of the Weibull model allowing bathtub-shaped mortality functions, it has a natural interpretation in terms of a model that can fail in one of two different failure modes [XL95] . In the first mode the mortality function decreases − this is known as the "infant mortality" failure region; in the second mode the mortality function increases − this is known as the "wear-out" failure region [Nad09] . Often a third mode, in-between these two, is also identified, where the mortality function does not change rapidly − this is known as the "random" failure region. In the context of the stochastic model we have proposed, the additive Weibull distribution is generated when the mortality function is a mixture of two power laws of the form:
for i ≥ 0. The scale parameters α 1 , α 2 and the shape parameters β 1 , β 2 are all non-negative. Using (4), we see that the survival function of the additive Weibull distribution has the form:
noting that when α 2 = 0 it reduces to the standard Weibull survival function.
In particular, bathtub-shaped mortality functions arise when β 1 < 1 and β 2 > 1, or β 1 > 1 and β 2 < 1, which, as we will see in Section 5, is applicable to the voter model we presented in Section 3. We now assume, without loss of generality, that β 1 < 1 and β 2 > 1. Then, as was shown in [XL95, LCO14] , the change point i * is the value of i for which
This has the unique solution
It is straightforward to show that µ(i) is always a minimum at i = i * . So, for i < i * the mortality function (6) is decreasing and for i > i * it is increasing, implying that the mortality function is bathtub-shaped. Now µ(i) is strictly increasing for i > i * , but must be bounded above to satisfy 0 ≤ µ(i) ≤ 1 (cf. [SD84] ). This does not pose a problem in our application, as the number of parliamentary seats in the UK is 650 and, as we shall see in Section 5, µ(i) ≤ 1 when i ≤ 650.
Analysis of the last three UK parliamentary elections
We now analyse the performance of the three major parties, Conservative, Labour and Liberal Democrat in the last three UK parliamentary elections in 2005, 2010 and 2015; the electoral data is available online at www.electoralcommission.org.uk/our-work/our-research/electoral-data.
We will make use of the Jensen-Shannon divergence (JSD) [ES03] , which is a nonparametric measure of the distance between two distributions {p i } and {q i }, where i = 1, 2, . . . , n. The formal definition of the JSD, which is a symmetric version of the Kullback-Leibler divergence and is based on Shannon's entropy [CT91] , is given by
where we use the convention that if p i = 0 or q i = 0, or both, the corresponding term in the summation is defined to be 0; the factor 2 ln 2 is included to normalise the JSD. We note that either {p i } or {q i } may be incomplete, in which case either i p i or i q i would be strictly less than one. In this case we may replace the normalisation factor 2 ln 2 in (9) by i (p i + q i ) ln 2.
We next outline the methodology we have used to validate and evaluate the model presented in Section 3, noting that all computations were carried out using the Matlab software package.
(i) We first download the electoral data and preprocess it to obtain the raw data in the form of vote vectors satisfying (5), for the three parties for each election.
(ii) For each party and each election, we then perform nonlinear regression to fit an additive Weibull survival function (7) to the raw data to obtain the fitted parameters α 1 , α 2 , β 1 and β 2 . The additive Weibull survival function is fitted to the Conservatives and the Labour electoral data, while the standard Weibull survival function (with α 2 = 0) is fitted to the Liberal Democrat electoral data.
We note that the standard Weibull survival function does not exhibit a good fit to the Conservative and Labour data. On the other hand, while the additive Weibull is a good fit to the Liberal Democrat data, as it does not have a bathtub-shaped mortality function since β 1 and β 2 are both less than 1, we can still obtain a good fit using the standard Weibull survival function (which has fewer parameters).
(iii) For each party, we compute the JSD between the fitted distributions over the three elections, and also between the parties for each election year. This allows us to examine the changes that occurred over the three elections within the parties and between them.
The fitted parameters α 1 , β 1 , α 2 and β 2 for the Conservative party are shown in the rows of Table 1 , together with the coefficient of determination R 2 [Mot95], the mortality probability µ(650) for the lowest ranked constituency, the change point i * and f (i * ). Similarly, the corresponding results for the Labour party are shown in the rows of Table 2 . We observe that µ(650) < 1 in all cases, as required. We note that i * for the Conservative party is significantly less than for Labour, which may be becuase Labour attains higher margins in its "safe" seats than the Conservatives, since for values higher than i * the mortality function increases at a fast rate. On the other hand, we see that for the Conservatives f (i * ) at the change point has increased to about 53% from 2005 to 2015, but for Labour has decreased to about 46%. It is worth noting that the shape parameter β 1 for Labour in 2015 stands out in its increase from the previous elections. This indicates that for its "safe" seats the drop in the vote in 2015 was steeper than in previous elections.
The fitted parameters α 1 and β 1 for the Liberal Democrat party are shown in the rows of Table 3 , together with the coefficient of determination R 2 [Mot95] and the mortality probability µ(650); in this case µ(650) is only shown for completeness, as it is always between 0 and 1 since 0 < β 1 < 1. We can see that both α 1 and β 1 increased in 2015, accounting for their demise in the last election, while in 2005 and 2010 their values were very similar. Finally, we observe that for all regressions, the R 2 values indicate a very good fit for all of the years.
Conservatives The JSDs for each party between the distributions for the three election years is shown in the rows of Table 4 , while the JSDs for each election year between the distributions of the major parties is shown in the rows of Table 5 .
In order to interpret the results, it is worth noting that the most important changes in the 2015 general election that led to the Conservative victory were (see [Den15] ): Point (i) above is reflected in the second and third rows of Table 5 : JSDs for each election year between the distributions of the different parties.
in 54.98% in 2015, which is 13.92% more than the difference between Labour and the Liberal Democrats in 2015. In addition, we can see from the first row in Table 5 that the distance between the Conservatives and Labour has grown in 2015 to 18.56%. Moreover, from the middle column of Table 4 we can see that the Conservative distribution changed by 4.51% from 2010 to 2015, reflecting the additional seats gained in 2015, while the Labour distribution changed by 6.89% from 2010 to 2015, reflecting their losses in Scotland.
Concluding remarks
We have proposed a multiplicative process that generates the rank-order distributions of UK election results. In our model, the proportion of votes attained for a given party decreases according to a specified mortality function, leading to a rank-order distribution represented by the votes vector. A solution to the continuous approximation of the equation specifying the model was given in (4), and is therefore identical to that of the renewal equation in population dynamics [Cha94] .
We then considered how the UK election results using the rank-ordering technique [SKKV96] , ordering the seats according to the proportion of votes attained, resulting in the votes vector (5). The votes vector is analogous to the empirical survival function [KK12] , and is used to estimate the expected share of the popular vote for seat i in the rank ordering. We suggested the additive Weibull distribution, with its bathtub mortality function (6), being a mixture of power laws, as a suitable model for the UK election results. This was validated for the last three parliamentary election results in the UK, where both the Conservative and Labour electoral data exhibited a good fit to the additive Weibull, while for the smaller Liberal Democrat party a standard Weibull was sufficient for a good fit to the data. The additive Weibull gives us the extra flexibility to model "safe" and "marginal" seats for the two major political parties in the UK. In our analysis we offered an interpretation of the 2015 election victory for the Conservatives by utilising the JSD (9) to measure the distance between the distributions for the parties over the last three elections. We stress that the only data we have used in our analysis are the raw counts of votes for the seats from the election results; no demographic or other historical constituency data was used.
Generative models such as the one we have proposed for rank-order distributions can be useful in explaining social phenomena such as voter behaviour in election results. It remains to be seen how the insight gained from such models can inform a predictive regression model, such as conditional logistic regression [AN98] , which was used in [CFK11] .
